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Entanglement purification is a very important element for long-distance quantum communication. 
Different from all the existing entanglement purification protocols (EPPs) in which two parties can 
only obtain some quantum systems in a mixed entangled state with a higher fidelity probabilis- 
tically by consuming quantum resources exponentially, here we present a deterministic EPP with 
hyperentanglement. Using this protocl, the two parties can, in principle, obtain deterministically 
maximally entangled pure states in polarization without destroying any less-entangled photon pair, 
which will improve the efficiency of long-distance quantum communication exponentially. Mean- 
while, it will be shown that this EPP can be used to complete nonlocal Bell-state analysis perfectly. 
We also discuss this EPP in a practical transmission. 
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I. INTRODUCTION 

The realization of long-distance quantum communi- 
cation schemes should resort to the distribution of en- 
tangled states between distant locations Although 
photons are the optimal quantum information carriers in 
long-distance quantum communication as the interaction 
between them and environment is weaker than others, 
the polarization degree of freedom of photons is incident 
to the noise in a quantum channel. Noise will degrade 
the entanglement of a photon pair or even turn it into a 
mixed state. If the destructive effect of the noise is low, 
the two parties in quantum communication, say Alice 
and Bob, can first exploit entanglement purification to 
improve the entanglement of the quantum systems, and 
then achieve the goal of quantum communication with 
maximally entangled states. Entanglement purification 
becomes a very important element in quantum repeater 
2] for long-distance quantum communication. 

In 1996, Bennett et al. [1| proposed an entangle- 
ment purification protocol (EPP) based on quantum 
controlled-NOT (CNOT) logic operations, and subse- 
quently it was improved by Deutsch et al. [Jl using sim- 
ilar logic operations. In 2001, Pan et al. [5[ proposed 
an EPP with linear optical elements. In 2002, Simon 
and Pan [6j improved their protocol. They considered a 
currently available source, a parametric down-conversion 
(PDC) source, to prepare entangled photon pairs, and 
they first used spatial entanglement to purify polariza- 
tion entanglement. Both of these protocols should resort 
to sophisticated single-photon detectors, which is not a 
simple task in linear optics. In 2008, an EPP based 
on nondestructive quantum nondcmolition detectors was 
proposed Q- By far, all existing EPPs cannot obtain 



maximally entangled states. They only improve the fi- 
delity of an ensemble in a mixed entangled state. In or- 
der to obtain some entangled states with higher fidelity, 
they have to consume more and more less-entanglement 
ones. Theoretically speaking, it is impossible to get a 
pair of photons in a maximally entangled state with con- 
ventional EPPs 0-0|- 

Recently, the applications of hyperentangled states 
have been studied by some groups. A state of being si- 
multaneously entangled in multiple degrees of freedom is 
called " a hyperentangled state" |8l-tl(j| . The most impor- 
tant use of hyperentanglements is in a complete deter- 
ministic local Bell-state analysis [TTI - [l3l |. In 2008, with 
the help of the hyperentangled state in both polariza- 
tion and orbit angular momentum, Barreiro et al. 14 1 



beat the channel capacity limit for linear photonic su- 
perdense coding. With a type-I and type-II (3 barium 
borate (BBO) crystal, photon pairs produced by sponta- 
neous parametric down-conversion (SPDC) can be in the 
hyperentangled state in polarization and spatial degrees 
of freedom [6j polarization, spatial, energy, and time de- 
grees of freedom 0], polarization and frequency degrees 
of freedom [lj|; and so on. In 2009, Vallone et. al. [l6| 
also reported their experiment with a six-qubit hyper- 
entangled state in three degrees of freedom. If we substi- 
tute the SPDC source in Ref.[l5| for the PDC source in 
Ref.[6j, we can produce the hyperentanglement with the 
following form: 

{\HH) + \VV)) • flwiwa) + |w 2 wi)) ■ (|ai&i) + \a 2 b 2 )). 
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Here, H (V) represents the horizontal (vertical) photon 
polarization, uj\ (w 2 ) represents the frequency of the sig- 
nal (idler) photon, and a\bi (02^2) represents the spatial 
mode of photons. 

In this article, we will present a deterministic EPP with 
hyperentangled states in the form of Eq.([T|). The two 
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parties in quantum communication, say Alice and Bob, 
can get a maximally entangled photon pair from each 
hyperentangled state in this EPP, which is, in essence, 
different from all the existing conventional EPPs 043- 
The deterministic feature of our protocol will improve 
the efficiency of long-distance quantum communication 
exponentially as the conventional EPPs will consume en- 
tangled quantum resources exponentially for obtaining 
some maximally entangled states. Also, this EPP can 
accomplish the complete nonlocal Bell-state analysis. 

The article is organized as follows. In Sec. II A, we de- 
scribe the principle of the deterministic entanglement pu- 
rification for bit-flip errors with spatial entanglement. In 
Sec. II B, the purification for phase- flip errors is discussed. 
In Sec. Ill, we discuss the method of nonlocal Bell-state 
analysis with hyperentanglement. In Sec. IV, we analyze 
the essence of entanglement purification. In Sec.V, we 
discuss the present EPP in a practical transmission. A 
discussion and a summary are given in Sec. VI. 



II. DETERMINISTIC ENTANGLEMENT 
PURIFICATION 

It is well known that the most important applica- 
tion of EPPs is in constructing quantum repeaters for 
long-distance quantum communication in a noisy chan- 
nel 0, Il7l - [20j . In order to connect the adjacent nodes, 
the two parties in quantum communication should first 
transmit their photons in a noisy channel and then con- 
nect them with quantum entanglement swapping. Usu- 
ally, the channel noise will degrade the entanglement of 
photon pairs. Also, the imperfect operations will dis- 
turb the entanglement of quantum systems. Now, let 
us start the explanation of our entanglement purification 
scheme by discussing an ordinary example. During a 
quantum-signal transmission, polarization degree of free- 
dom suffers from the channel noise as both the spatial 
degree of freedom and the frequency degree of freedom 
are more stable than polarization. The previous experi- 
ments showed that the polarization entanglement is quite 
unsuitable for transmission over distances of more than a 
few kilometers in an optical fiber For example, Naik 
et al. demonstrated the Ekert protocol |2l| over only a 
few meters 0, HI]- Also, they observed the quantum bit 
error rate (QBER) increase to 33% in the experimental 
implementation of the six-state protocol [23|, [24| • For fre- 
quency coding [25| - |30| . for example, the Besancon group 
performed a key distribution over a 20-km single-mode 
optical-fiber spool. They recorded a QBER opf contribu- 
tion of approximately 4%, and estimated that 2% could 
be attributed to the transmission of the central frequency 
by the Fabry- Perot cavity [30j . The experiment by Mindr 
et al. [3l| for phase-noise measurements showed that in 
a realistic environment, the phase in long fibers (several 
tens of km) remains stable, which is an acceptable level 
for time on the order of lOOps. The phase stabilization 
is relevant for the quantum repeaters in installed opti- 



cal fiber networks. In Simon's protocol [6|, they also 
performed an EPP using spatial entanglement to purify 
polarization entanglement based on the good mode over- 
lap on the PBS and phase stability that were achieved in 
previous experiments. 

In fact, that frequency and spatial entanglement abso- 
lutely do not suffer from the noise is only a hypothesis 
and is unpractical. Here we only use it to show the basic 
principle for our entanglement purification process. We 
also will discuss the entanglement purification under a re- 
alistic environment. Moreover, other degrees of freedom, 
such as time-bin, which is more robust than polarization, 
can also be used to implement this scheme [H, HU . In 
the discussion section of this article, we will show that 
the entanglement purification essentially performs entan- 
glement transformation between different degrees of free- 
dom, that is, transforms robust entanglement in channel 
transmissions (frequency and spatial) into easily manip- 
ulatable entanglements (polarization). 

Under the hypothesis mentioned previously, the entan- 
glement purification in the present scheme is divided into 
two steps, that is, purification for bit-flip errors and that 
for phase-flip errors. We discuss them in detail in this 
section as follows. 



A. Deterministic purification for bit-flip errors 

After the transmission, the hyperentangled state of 
Eq.([T]) will become a mixed one in polarization: 

p p = a\<P+) AB (^+\+b\^-) AB (^-\ 

+ c\* + ) AB {$ + \+d\y-) AB (V-\. (2) 

Here a + b + c + d = 1 and p p is the mixed part of Eq.([T]) 
in polarization. |$ ± )ab and | v I /± )ab are the four Bell 
states for an entangled photon pair AB: 

\<Z> ± ) AB = -±=(\H) A \H) B ±\V) A \V) B ), (3) 

\^ ± ) AB = ^(\H)a\V) b ±\V) a \H) b ). (4) 

After the transmission, the initial state becomes 



P = PpPfPs 



(5) 



with one photon belonging to Alice and the other be- 
longing to Bob. Here pf — h(\uiiW2) + \uj2^Ji))((u>iUJ2\ + 
(u; 2 wi|) and p s = §(|ai&i) + \a 2 b 2 ))((a 1 b 1 \ + (a 2 6 2 |). 
We also let \V f ) = ^(|wiw 2 ) + |w 2 Wi» and |$ s ) = 
^(h&i) + |a 2 6 2 ». 

There are admixtures of the unwanted states |$ _ )ab 
and | x P ± ) j 4b. We note that the state \& + ) AB becoming 
\^ + )ab is a bit-flip error, becoming \$~) AB is a phase- 
flip error, and both a bit-flip error and a phase-flip error 
take place when becomes \^~) AB . From Eqs.@ 

and the original state can be seen as a probabilistic 
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Alice Bob 




Classical communication 

FIG. 1: Schematic drawing of the principle of bit-flip error 
purification. The source emits the entangled pair with the 
form of Eq.(f). One member of pair has been sent to Alice 
and the other to Bob. Both Alice and Bob perform X ho- 
modyne measurements on their coherent beams \a) and \a'), 
respectively, and compare the results via classical communi- 
cation. If their results are different, they need to perform a 
bit-flipping operation to correct this error. Otherwise, there 
are no bit-flip errors. PBS: polarizing beam splitter. 



can easily check the bit-flip error as they get different 
phase shifts with their X homodyne measurements on 
their coherent beams. The spatial modes are also dif- 
ferent, corresponding to the different collapsed states , 
but which can be completely determined. Therefore, by 
classical communication, if a bit-flip error occurs, Alice 
and Bob will get rid of the bit-flip error by performing 
a bit-flip operation a x = \H)(V\ + \V)(H\. Next we 
show our protocol works for the other cases. The case of 
|$~)|*/)|$ s ) will get the same result with 
After the PBSs, the two photons will be either in the up- 
per modes a± and b\ or in the lower modes a 2 and 62- For 
the case |\f r- )|\f r i f)|$ s ), part of polarization both contains 
a bit-flip error and a phase-flip error, so Alice and Bob 
will get the phase shift of 8 and or and 8, respec- 
tively. It has an analogy with the case of 
We can also perform a bit-flip operation to correct it. In 
this case, a phase-flip error still remains. 



B. Deterministic purification for phase-flip errors 



mixture of four pure states: with a probability of a the 
photon pair in the state |$ + )|^ r /)|$ s ), with a probabil- 
ity of b the pair in the state of |$~)|<J'/)|$ S ), with the 
probability of c and d in |* ± )|'I'/)|$ S ). The whole task 
of purification is to correct the bit-flip and the phase- 
flip errors. So this scheme includes two steps, one for 
bit-flip error correction and the other for phase-flip error 
correction. 

The principle of our scheme for bit-flip error correc- 
tion is shown in Fig. 1, where +8 represents a cross- 
Kerr nonlinear medium which will make the coherent 
state I a) pick up a phase shift 8 when it and one pho- 
ton couple with the medium [Hj-36j. We now consider 
the combinations |$+)|*/}|$ s ) and Let 
us first discuss the state |$ + )|\I>/)|<& S ). In Fig. 1, the 
items \HH) (\w1w2) + \(^2<^i))\axbi) and |VV)(|c«;iu;2) + 
|w2Wi))|a2&2) make the two coherent beams |a) and \a)' 
obtain the same phase shift of 8, which can be detected 
by Alice and Bob with an X homodyne measurement 
[34T - l36| |. Finally, coupled by the two polarizing beam 
splitters (PBSs), they will emit from 0262- The whole 
state becomes \{\HH) + IVV))^^) + |w 2 Wi)). Fol- 
lowing by the same principle, we can also get the state 
i(|iftf) + |yy))(|wiw 2 ) + |w 2 wi)) fromai&i if both Alice 
and Bob get no phase shifts. In the case of |\I/ + )|^I'/)|$ S ), 
it never leads to the same phase-shift case. If Alice 
gets the phase shift of 8 and Bob gets no phase shift, it 
means that the proceeding state is changed to ^(\HV) + 
\VH))(\u>iUJ2) + \^2<^i))- The photon which belongs to 
Alice is in the mode of 02, and which belongs to Bob is 
in 61. There is another case for Alice and Bob. That 
is, Alice gets no phase shift and Bob gets 8. The corre- 
sponding state is also \(\HV) + \VH))- flwiu^) 4- |w 2 wi)), 
but with the spatial modes of a\ and 62- 

By applying our purification procedure, Alice and Bob 



So far, we have been talking about a bit-flip error for 
the mixed state in polarization. By correcting this error, 
the initial state in polarization becomes 

p v , = (a + c)\$ + ) AB ($ + \ + (b + d)\$-) AB ($-\. (6) 

As we know, a phase-flip error cannot be purified di- 
rectly, but it can be transformed into a bit-flip error by 
Hadamard (H) operations. In an optical system, it can 
be finished by a A/4- wave plate (QWP). By performing 
the H operations on the two photons with two QWPs, 
Eq.(6) evolves: 

Pp „ = (a + c)\$+} AB {$+\ + (b + d)\V+) AB {iI>+\.{7) 

That is, the initial state becomes 

p' = P P "Pf- (8) 

It is interesting to find that the entanglement in fre- 
quency was not affected during the procedure discussed 
previously, but the spatial entanglement is consumed for 
correcting bit-flip errors. 

Now we focus on the second step of our EPP: cor- 
recting the phase-flip error. In Fig. 2, two photons in 
the from of Eq.© belong to Alice and Bob, respectively. 
Two polarization-independent wavelength division mul- 
tiplexers (WDMs) are used to guide photons to different 
paths, according to their frequencies. For example, in 
Alice's laboratory, it leads the photon in u)\ to the mode 
ci and the photon in 102 to the mode ci- However, in 
Bob's laboratory, it leads the photon in u>\ to the mode 
di and the photon in u>2 to the mode d\. 

From Eq.([7]), it follows that the original state of the 
pairs can be seen as a probabilistic mixture of two 
pure states: with a probability of a + c the photon 
pair is in the state and with a probability of 
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Alice Bob 




Classical communication 



FIG. 2: Scheme showing the principle of phase-flip purifi- 
cation. After two Hadamard operations, a phase-flip error 
is transformed into a bit-flip error. Two WDMs are used 
to guide the the photons to the different paths according to 
their frequencies. Similar to the bit-flip error correction, if 
Alice and Bob get different phase shifts, the phase-flip error 
occurs, and then they add a bit-flipping operation to correct 
this error. Otherwise, there is no phase-flip error. 



b + d the pair is in the state |\E ,+ )| V E'/). It is obvious 
that leads to the same phase shift for both 

9 and 0. They will be either in the mode c\d\ with 
the state of A=(\Hu 2 ) a\Hu>i) b + \Vui)a\Vu 2 } b ) or in 
the mode c 2 d 2 with the state of -^(\Hoj 1 )a\Hoj2)b + 
\Vll>2)a\Vlui)b)- This is the maximally entangled state 
we need. However, for |\E ,+ )|^E'^), it never leads to the 
same phase shift. Alice will get 8 while Bob will get 
with the state ^(\Hu>i) a\Vlj 2 ) b + \Vu> 2 ) a\Hui) b ) 
in the mode c 2 d\ or Alice gets and Bob gets 9 with 
the state ^{\Huj 2 )a\Vuji)b + \Vll>i)a\Hu> 2 ) b ) in the 
mode c\d 2 . We can perform a bit-flip operation to 
get rid of the errors. Finally, we will get the en- 
tangled state -^(\Huj 2 )a\Huji)b + \Vu-l) A \Vu) 2 ) B ) or 
-^(\Hoji) a\Hoj 2 ) b + \Vuj 2 )a\Voji)b) with a determinis- 
tic spatial mode. With quantum frequency upconversion, 
we can erase distinguishability for frequency (37j . 



III. NONLOCAL BELL-STATE ANALYSIS 

Now let us discuss the relationship between this entan- 
glement purification protocol and a nonlocal Bell-state 
analysis (NBSA). A universal conclusion is that a com- 
pletely local Bell-state analysis with linear optics is not 
possible and one can get an optimal success probability of 
only | (2§S|. Several works have shown that with addi- 
tional degrees of freedom such as timing and momentum 
it is possible to distinguish the four Bell states locally 
|FlT - ll3l |. However, compared with local BSA, NBSA can- 
not be completed with the collective operations and they 
can only resort to local operation and classical commu- 
nication (LOCC). Here we will show that with hyper- 
entangled states and quantum nondemolition measure- 
ment (QND), we can also perform a complete NBSA. 
The difference is that we have to need another two de- 



grees of freedom in NBSA, but only one is needed in local 
BSA. The initial state is a hyperentangled state with the 
form l^)!*/)!^) or |\l/ ± )|\l//)|$ s )- The whole protocol 
is the same as our EPP discussed previously. The first 
step for NBSA is shown in Fig. 1. If Alice and Bob get 
the same phase shift, that is, if both get or 9, they 
can decide that the photon pair should be in one of the 
two states |$ ± ). Subsequently, they add a H operation 
on each photon and then make the second check of the 
phase shifts (shown in Fig. 2). If the phase shifts are 
still the same, the state should be \& + ); otherwise, it is 
|$~). \^S ± ) can be distinguished in the same way. In the 
first step, if their phase shifts are different, it must be 
one of the two states |\E' ± ). Alice and Bob perform a bit- 
flip operation on one of the photons and a H operation 
on each photon, which will complete the transformation 
|*+)|*/) — ► |*+)|*/) and |*-)|*/) — ► |*+)|*/). In 
the second step, with the help of frequency degree of free- 
dom, if the outcomes of the measurements on phase shifts 
are the same, Alice and Bob can conclude that the initial 
state should be |\& + ); otherwise, it is \^^)- 



IV. THE ESSENCE OF THE PRESENT 
ENTANGLEMENT PURIFICATION SCHEME 

In the previous works on entanglement purification, an- 
other entanglement of degree of freedom, such as spatial 
entanglement, has been used to purify the polarization 
entanglement of photon pairs [f| 0] ■ In Simon's protocol 
[6| , the spatial entanglement can be used to purify a bit- 
flip error. After consuming the resource of spatial entan- 
glement, the phase-flip error has to be purified with the 
conventional method to repeat the same procedure 0- 
5]. With another degree of freedom of photons, we can 
accomplish a deterministic entanglement purification. 

Let us now discuss why our protocol can purify the 
mixed state completely. From Eq. , we know that there 
are two kinds of errors in the mixed state, that is, one is a 
bit-flip error and the other is a phase-flip error. The con- 
ventional EPPs [H-0] are used to purify a bit-flip error. 
The phase-flip error cannot be purified directly, but can 
be transformed into a bit-flip error. For the bit-flip purifi- 
cation, Alice and Bob can check whether one of the pairs 
has a bit-flip error. For instance, in Ref. @, the error 
corresponds to the cross-combinations of \^ + }ab\^ + )ab 
and \^ + ) ab\& + ) ab ■ However, there always exists an- 
other possibility that both of the states have bit-flip er- 
rors, which corresponds to | x I /+ )ab| v I' + )ab. In this case, 
Alice and Bob cannot pick up these corrupt states, and 
always keep them in the quantum systems that remain 
for a next purification. That is, a bit-flip error cannot be 
purified completely. Neither can a phase-flip error. They 
cannot make the remaining ensemble reach an indeed 
pure state. In Simon's protocol @, they revealed that 
another kind of entanglement can also be used to purify 
the polarization entanglement state. In their protocol, 
they can correct the bit-flip error completely as the spa- 
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tial entanglement state is a maximally entangled perfect 
pure state and is not effected by the channel noise. Their 
protocol does not lead to the case that each two-photon 
pair has bit-flip errors after their purification. Following 
the same principle, we use the frequency degree of free- 
dom for a phase-flip error correction. Also, we can use 
another kind of degree of freedom to complete this task 
if it does not suffer from the channel noise. 

LOCC cannot increase the entanglement of quantum 
systems. Therefore, the process of entanglement purifica- 
tion is essentially the transformation of entanglement. In 
the previous works the transformation is between 

the same kind of entanglement, that is, polarization en- 
tanglement. So they need to consume the less-entangled 
pairs largely. The previous work of Simon Q and this 
protocol show that entanglement can be transformed be- 
tween some different degrees of freedom. We let the ini- 
tial state be a hyperentangled state, and it owns three 
kinds of degrees of freedom. During the purification step, 
we consume the entanglement in frequency and spatial 
degrees of freedom to get a pure polarization entangled 
state. Thus, the whole entanglement purification pro- 
cess does not need to consume the photon pairs but to 
consume other degrees of freedom of entanglement. 



V. ENTANGLEMENT PURIFICATION IN A 
PRACTICAL TRANSMISSION 

We have discussed our deterministic entanglement pu- 
rification scheme in the case where there are two degrees 
of freedom that are insensitive to channel noise. We 
use the spatial freedom and the frequency freedom of 
photons as an example to describe the principle of our 
scheme. Of course, the main experimental requirement 
of this scheme is the phase stability if we use the spatial 
entanglement and the frequency entanglement to purify 
the polarization entanglement. This requirement may 
limit the distance of the quantum communication. How- 
ever, this scheme can be adapted to the case of energy- 
time entanglement, which would allow the two parties 
inquantum communication to be a father apart [(1, l4lj. 

Now, let us discuss the present entanglement purifica- 
tion scheme with a practical transmission based on the 
spatial entanglement and the frequency entanglement. 

In a practical transmission for long-distance quantum 
communication, the relative phase between two differ- 
ent spatial modes is sensitive to path-length instabili- 
ties, which may be caused by the fiber length dispersion, 
or atmospheric fluctuation in a free-space transmission. 
In this way, not only might part of the polarization of 
the hyperentangled state become a mixed state shown in 
Eq.©i the entanglement in spatial mode may become 
^|(|<2i&i) + e lA( ^ s 10262)) after transmission. The relative 
phase between the different spatial modes is denoted by 
A<p s — kAx. Here k is the wave vector of the photons 
and Ax is the path-length dispersion between the two 
spatial modes with Ax = Xa^ — x a2 b 2 - That is to say, 



the spatial entanglement will pick up a phase shift A<j> s . 

Approximatively, the frequency entanglement has sim- 
ilar features to the spatial entanglement. That is, it 
may become ^=(\oJiUJ2) + e \uJ2OJ1)) after transmis- 
sion. Here A(pf is the phase dispersion coming from the 
different frequencies. 

After a practical transmission, the initial state may 
become 

p'=PpP'fP' s , (9) 

where 

p' f = iflwiwa) +e iA ^|a; 2 wi))((a; 1 a; 2 | + e~ lA ^ (u; 2Wl |) 
and 

p' s = \{\a 1 b 1 )+e l ^\a 2 b2))({a 1 b 1 \+e-^{a 2 b2\). 

With the first step for the purification of bit errors (the 
same as the case where the entanglements in the spa- 
tial and the frequency degrees of freedom do not suf- 
fer from the phase fluctuation, as shown in Fig. I), if 
both Alice and Bob get the phase shift 8 on their co- 
herent beams, the photon pair is in the state h(\HH) + 
e i^<t>s\VV)){\wxU2) + e 4A< ^|cj 2 wi)) with the probability 
of 4 and in the state \{\HH) - e iA ^ |V r t/))(|w 1 o; 2 ) + 
e lA ^f \u2U>i)) with the probability of ~, and they will 
emit from the spatial modes a 2 6 2 . If both Alice 
and Bob get the phase shift 0, the photon pair will 
emit from the spatial modes a\b\ and will be in the 
state \{e lA<l, °\HH) + \VV))(\uiU 2 ) + e lA<Ps with 
the probability of 4 and in the state \{e tA<l3 -\HH) - 
\VV)){\u)xUi) + e jA ^|cj 2 u;i)) with the probability of f . 
When Alice gets the phase shift and Bob gets 0, the 
photon pair will emit from a 2 6i and will be in the state 
\{\HV) + e iA ^\VH)){\^2) + e iAl ^' |w 2 Wi)) with the 
probability of § and in the state \{\HV) - e iA< ^ \VH)) ■ 
(\wiU2) + e iA< ^ |w 2 wi)) with the probability of §. When 
Alice gets the phase shift and Bob gets 9, the pho- 
ton pair will emit from a\b 2 and will be in the state 
\{e lA ^\HV) + \VH)){\uiu 2 ) + e iA ^'|w 2 u;i)) with the 
probability of § and in the state ^(e iA ^\HV) - \VH)) ■ 
(\u1U2) + e iA ^f\uj2U)i)) with the probability of f. With 
some unitary operations, Alice and Bob can make the 
state of their photon pair in the polarization degree of 
freedom be 

p' p , = (a + c)\^+) AB (^+\ + (b + d)\^-) AB (^-\. 

(10) 

Here 

\<P' + )ab - -±=(\HH)+e iA 4>°\VV)), (II) 
I*'")ab = A=(\HB) -e'^-lVV)). (12) 
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Also, the state p' p , can be rewritten under the basis 
{|$+),|<f-), |* + >,|*-» as 

p' p , = i[l + (a + c-fc-d)cosA0 s ]|$+) AB ($+| 

+ -[l-(a + c-b- d)cosA0 s ]|$-)AS<$"|. 

(13) 

That is, all the bit-flip errors in the photon pair are cor- 
rected completely and there are only phase-flip errors in 
the quantum system. 

After the purification for bit-flip errors, Alice and Bob 
can transfer phase-flip errors into bit-flip errors with uni- 
tary operations again. That is, the state of the photon 
pair becomes 

Pp' = ^[l + (a + c-b-d)cosA<t> s }\$ + ) AB ($ + \ 

+ ^[1 - (a + c- b - d)cosA<f> s ]\y + ) AB {i2 + \. 

(14) 

With the setup shown in Fig. 2, if both Al- 
ice and Bob get the phase shift 9, the photon 
pair will emit from c 2 <i 2 an d w iU be in the state 
-±{\Hu x ) A \Hu 2 ) B + e* A ^|1/ W2 ) A |y Wl ) s ). If both 
Alice and Bob get the phase shift 0, the photon 
pair will emit from c\d\ and will be in the state 
^(e iA ^| J ffw 1 ) A | J ffa; 2 ) B + |^ 2 )a|^i>s)- When Al- 
ice gets the phase shift 9 and Bob gets 0, the pho- 
ton pair will emit from c 2 di and will be in the state 
-^(IHoj^aIV^b + e***f\Vu2) A \Hui) B ). When Al- 
ice gets the phase shift and Bob gets 6, the pho- 
ton pair will emit from cid 2 and will be in the state 
-fe{e i **t\Hui)A\Vu2)B + \Vu2)a\Hui) b ). With quan- 
turn frequency up-conversion, Alice and Bob can erase 
distinguishability for frequency ,3 7] and they will get 
the entangled state -j- ( | H) A \ H) B +e* A< ^' | V) A I V) B ) with 
some unitary operations. 

As the case discussed in Sec. II, Alice and Bob can cor- 
rect the bit-flip errors in their photon pair completely. 
In the step for purification of phase-flip errors, the two 
different frequency modes will introduce a relative phase 
shift A(j)f in the Bell state. In theory, Atpf does not 
change if the channel lengths do not fluctuate with time 
t. That is, Alice can get approximatively the maximally 
entangled state -±(\H) A \H) B +e* A <t>f\V) A \V) B ). With a 
phase compensation, Alice and Bob will get the standard 
Bell state -j=(\H) A \H) B + \V) A \V) B ). 



VI. DISCUSSION AND SUMMARY 

There are two approximative methods used in our 
scheme in a practical transmission. One is the assump- 
tion that the phase dispersion in frequency degree of free- 
dom A(j)f is independent of that in spatial modes A<fi s . 



The other is the invariability of Acfif with time t. Cer- 
tainly, the case in a practical experiment is more compli- 
cated than that with these two assumptions. 
For the state 

= ^(kiw 2 ) + |w 2 wi)) • (|ai&i) + \a 2 b 2 )) 

= -(|wiw 2 )|ffli6i) + \uj2Ui)\aih) 
+ |wiw 2 )|a 2 6 2 ) + |w 2 wi)|a 2 6 2 )), 

each term will pick up a relative phase in a practical 
transmission. That is, the state | <E>) j s will become 

\*)'f. = ^e^^^^Wbr) 

+ e^ lL °z +bJ 2 L ^\oJiU2)\a2b 2 ) 

+ e^ 2i <^+^ 2 )| W2Wl )| a2&2 )]. (15) 

Here v is the velocity of photons in quantum channel. 
L ai , L a2 , , and Lb 2 are the channel lengths in the 
spatial modes a\, a 2 , 61, and b 2 , respectively. When 

w 2 L a2 + WlL& 2 > W 2 L ai + UJ\L bl + LJi(L a2 - L ai ) 

+w 2 (Lb 2 — Lt 1 ) — uj 2 L a2 — uiLb 2 , 
\&)'f s can be rewritten as 

x{| Wl w 2 ) + e*K w »- Wl > £ »i +(ui -^ )L »i ] |«2Wi)} 

x{|o 1 6 1 ) + e ^ l{L ^- L ^ )+ul2{L ^- L ^ )] \a2b2)}). 

(16) 

That is, when 2(w 2 L Q2 + L0iL b2 ) - Lj 2 L ai - uj\L hl - 
u>i(L a2 — L ai ) — cj 2 (L(, 2 — Lftj) 0, the phase disper- 
sion in frequency degree of freedom A<f>f can be regarded 
as being independent of that in spatial modes A<p s . 

If Acf>f(t) fluctuates with time ( in a small region, 
Alice and Bob will get an ensemble in the state p e = 
+ (1 - F/)|$~)($~| after a phase compen- 
sation e lA< ^ f ^°\ and they can, in this case, purify this 
ensemble for getting some high-fidelity entangled states 
with conventional EPPs 0-[10|. Here F f = ± f Q T (l + 

cos(A/(i)))dt, 1 - F f = i J T (1 - cos(A / (t)))dt, and 
A f (t)) = A(j>f{t) - Ac/)f(0). Different from the case with 
a fixed phase dispersion, Alice and Bob can only correct 
completely the bit-flip errors in the photon pair in this 
case. On the one hand, they will remove the phase-flip 
errors in the polarization degree of freedom. On the other 
hand, they will introduce the phase-flip errors in the fre- 
quency degree of freedom. The latter comes from the 
phase dispersion between the two frequencies of photons. 
If the latter is smaller than the former, this scheme can 
be used to depress the ratio of phase-flip errors. 
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If A<frf(t) fluctuates acutely with time t, Ff w | and 
the ensemble maybe become a completely mixed state 
and the two parties cannot distill maximally entangled 
states, the same as the conventional EPPs in the case that 
the initial fidelity is smaller than i. In fact, a quantum 
channel fluctuating with time t acutely is unsuitable for 
entanglement purification as the Bell state required is 
mixed with other Bell states uniformly. As the spatial 
and frequency degrees of freedom of photons are more 
stable than polarization, the conventional EPPs will not 
work if the present scheme does not work. 

In the process of describing the principle of our entan- 
glement purification scheme, we exploit the cross-Kerr 
nonlinearity to construct the QNDs. In fact, we should 
acknowledge that, on the one hand, a clean cross-Kerr 
nonlinearity is quite a controversial assumption with cur- 
rent technology. As pointed out in Refs. [42l - l44j |. the 
single-photon Kerr nonlinearity may do not help quan- 
tum computation, and a large phase shift via a "giant 
Kerr effect" with single-photon wave packets is impossi- 
ble. On the other hand, here a cross-Kerr nonlinearity 
is only used to make a parity check for two photons and 
a strong Kerr nonlinearity is not required. Meanwhile, 
other elements can also be used to construct QNDs (45I — 
H3| for this scheme. 

In summary, we have presented a deterministic entan- 
glement purification scheme for purifying an arbitrary 
mixed state in polarization with present technology. The 



biggest advantage of this scheme is that it works in a de- 
terministic way in principle. That is, two parties can ob- 
tain a maximally entangled polarization state from each 
hyperentangled state, which will improve the efficiency 
of long-distance quantum communication exponentially. 
This protocol can also be used to do the complete nonlo- 
cal Bell-state analysis, which reveals that this determin- 
istic entanglement purification scheme is equal to a com- 
plete nonlocal Bell-state analysis. In a practical trans- 
mission, this scheme can be used to correct all bit-flip 
errors approximatively and depress the phase-flip errors 
in the polarization degree of freedom, which will make it 
more efficient than conventional EPPs. We believe that 
this scheme might be very useful in the realization of 
long-distance quantum communication in the future as 
entanglement purification is a very important element in 
a quantum repeater and a quantum network. 
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